We consider the coupling of a single mode microwave resonator to a tunnel junction whose contacts are at thermal equilibrium. We derive the quantum master equation describing the evolution of the resonator field in the strong coupling regime, where the characteristic impedance of the resonator is larger than the quantum of resistance. We first study the case of a normal-insulator-normal junction and show that a dc driven single photon source can be obtained. We then consider the case of a superconductor-insulator-normal and superconductor-insulator-superconductor junction. There, we show that the Lamb shift induced by the junction gives rise to a nonlinear spectrum of the resonator even when the junction induced losses are negligible. We discuss the resulting dynamics and consider possible applications including quantum Zeno dynamics and the realization of a qubit.
The coupling of a quantum system, such as an atom or a resonator, to a bath can be modeled under certain hypotheses by a quantum master equation in the Lindblad form [1] . In this description, two effects arises from the coupling to the bath: the first is a shift of the energy levels, called Lamb shift, and the second is an irreversible energy exchange with the bath in the form of quantum jumps. In quantum optics, the jumps correspond to the absorption or emission of photons. The resulting nonunitary dynamics has been proposed as an alternative to unitary evolution for certain quantum engineering tasks as first proposed in [2] . The implementation of these ideas requires baths that can be experimentally tailored. In the context of circuit quantum electrodynamics, tunnel junctions offer a simple way to realize a tunable bath when coupled to the mode of a microwave resonator [3] [4] [5] .
Here, we concentrate on the strong coupling regime, where the characteristic impedance Z c of the resonator is on the order of the quantum of resistance R K = h/e 2 as recently realized in [6] [7] [8] [9] [10] . Considering the two contacts of the junction as baths at thermal equilibrium, we derive the quantum master equation describing the evolution of the resonator density matrix following the standard quantum optics approach, which uses the Born-Markov and the secular approximations [1] . An important consequence of the strong coupling regime is that the matrix elements of both the Lamb shift and the jump operators depend on the resonator state. Different Fock states experience different Lamb shifts, which introduces a nonlinearity, and quantum jumps from a specific Fock state to another can be forbidden by tuning the coupling parameter λ = πZ c /R K to specific values [11] .
We analyze the effect of these state dependent quantum jumps and energy shifts for the three possible types of junctions that consist of two electrodes made of normal (N) or superconducting (S) metal separated by an insulating barrier (I). In the case of a NIN junction, we show that, for λ 2 = 2, the absorption of a second photon by the resonator is blocked when it is already occupied by one photon, thus realizing a single photon source. In the case of the SIS and SIN junctions, we show that the Lamb shift gives rise to a sizable nonlinearity, as a consequence of the abrupt increase in conductance of the junction for energies larger than the superconducting gap edge. The nonlinearity can be strong without adding any dissipation to the resonator. This Lamb shift engineering appears as an interesting new facet of quantum bath engineering. We show that it can be used to restrict the dynamics of the resonator mode to the subspace spanned by the lowest n c Fock states, where n c can be tuned with the dc voltage biasing the junction. We study first the specific case of n c = 5 and analyze the resulting quantum Zeno dynamics during which a four photon cat state is produced [12, 13] . We then consider n c = 2 and realize a qubit that does not rely on the Josephson effect.
MASTER EQUATION
The considered circuit is shown in figure 1 and consists of a single mode resonator in series with a tunnel junction and a dc voltage source. This circuit has been extensively studied in the case where the junction is a Josephson junction [11, [14] [15] [16] [17] [18] [19] , a NIN junction in the weak coupling regime (λ 1) [4, 5, 20] or in the strong coupling regime (λ 1), but considering only the dynamics of the junction [21] and a SIN junction [22] . The case where the junction is replaced by a quantum dot has also been extensively considered (see [23] and references therein). Here, we combine these different approaches and treat the junction contacts as baths, which are coupled to the resonator via the tunnel Hamiltonian. Following the standard quantum optics procedure based on the Born-Markov and secular approximations, we derive in the supplementary materials (SM) the master equation in the Lindbald form for the density matrix of the resonator:
The A l operators come from the expansion of the displacement operator exp[iλ(a + a † )] in the Fock state basis, where a is the annihilation operator for the resonator mode [11] . The A l operator creates l photons in the resonator mode when l > 0 and destroys −l photons when l < 0. The first term on the rhs of the master equation is the Lamb shift, which amounts to adding l l A l A † l to the resonator Hamiltonian. The second term describes quantum jumps where l photons are removed (l > 0) or added (l < 0) to the resonator mode. The rates γ l and the energies l only depend on the properties of the bath (here the type of junction) and are functions of the dc bias voltage V .
The A l operators are defined for l ≥ 0 by
Operators with l < 0 are obtained using
l . In the weak coupling limit, the master equation can be simplified to keep only terms involving A 1 = iλa † and A −1 = iλa. The main goal of this paper is to look at the role of higher order A l operators, which cannot be neglected when λ ∼ 1. For an arbitrary coupling, the matrix element w n,l (λ) = n + l|e iλ(a+a † ) |n can be expressed in terms of the generalized Laguerre polynomials L (l) n as [24] 
Coefficients with n = 0 correspond to processes where l photons are absorbed or created with the vacuum as the final or initial state, they follow the Poisson law |w 0,l | 2 = exp(−λ 2 )λ 2l /l! [25] . Figure 1 shows the evolution of a few w n,l (λ) as a function of λ. One notices that the numbers of zeros of w n,l (λ) is n.
The rates γ l and the frequency shifts l are proportional to the real and imaginary parts of the one sided Fourier transform of the bath memory function. As shown in the SM, we obtain
The functions γ and are defined as
, f is the Fermi distribution and n L (ω) (n R (ω)) is the dimensionless density of states of the left (right) contact of the junction that tend towards one at large |ω|. As detailed for example in [26, 27] , the two functions γ(ω) and (ω) can be fully determined
We consider a circuit consisting of a LC resonator in series with a tunnel junction and a dc voltage source. The resonator is characterized by its resonant frequency Ω = 1/ √ LC and its characteristic impedance Zc = L/C. A coherent drive with amplitude η can eventually be applied to the resonator. The effect of the coupling to the junction on the resonator dynamics is conveniently described by introducing A l operators that add l photons to the resonator mode. The curves in the lower graph show the evolution of the matrix elements w n,l of these operators. In the weak coupling regime (λ 1), only the effect of A1 and A−1 must be considered. In the strong coupling regime (λ ∼ 1), operators with larger l also contribute.
from the knowledge of the junction IV characteristic. The expressions above suppose that n L (ω) and n R (ω) are even function of ω. Expressions in the general case are given in the SM.
The regime of validity of the master equation is the weak tunneling limit, where the transmission of the barrier is sufficiently small in order to keep the contacts at equilibrium. The Born-Markov approximation also requires that the bath memory time is short compared to the resonator lifetime. Here, we are interested in the so-called strong coupling regime λ ∼ 1, but we require that the coupling rate max |w n,l (λ)| 2 γ 0 is small compared to Ω. We thus stay in the weak coupling regime as defined in quantum optics, which allows us to treat the coupling to the bath as a perturbation and to use the secular approximation. In terms of experimental parameters, we therefore require a tunnel junction with a large resistance R T R K such that γ 0 Ω and a resonator with a high characteristic impedance Z c ∼ R K to obtain λ ∼ 1.
LAMB SHIFT
Before considering specifically the features of equation (1) for each type of junction, we review some of the properties of the Lamb shift and its consequences on the resonator spectrum. The Lamb shift operator
is diagonal in the Fock state basis and shifts the Bohr frequency of the |n state by
Each term in each sum can be interpreted as the contribution of a virtual process involving the exchange of l photons between the resonator and the junction. In the weak coupling limit, we can expand the w n,l coefficients in powers of λ and obtain the following expression for the frequency shift of the n → n + 1 transition :
The dominant term corresponds to a constant shift of all the transition frequencies, which is equivalent to a change of the resonator frequency δω = γ 0
The next order term gives rise to a nonlinear spectrum with a Kerr coefficient U = γ 0 ( 2 + −2 − 4 1 − 4 −1 + 6 0 )λ 4 /2. Both the resonance shift and the nonlinearity depends on V through the voltage dependence of l .
As shown below, we find that (ω) is an odd function of ω for the NIN junction therefore l = − −l . The resonance shift is thus or order λ 4 [28] and seeing that the single photon loss coefficient |w 0,1 | 2 is of order λ 2 , we recover that the NIN junction acts as a purely dissipative element. The nonlinearity U also cancels at order λ 4 and is of order λ 6 . The SIN and SIS junctions do not verify l = − −l , therefore the resonance shift and the single photon loss are both of order λ 2 . One can estimate the order of magnitude of the resonance shift by supposing that the superconducting gap ∆ is large compared to Ω. We obtain that δω ≈ γ 0 (Ω/∆)λ 2 at zero bias and that it varies quadratically with V . If the bias voltage is kept inside the range where single photon loss are negligible, the variation of the resonance frequency with voltage can be on the order of the resonator linewidth even for relatively small values of λ. A similar calculation gives U ≈ γ 0 (Ω/∆) 3 λ 4 at zero bias.
In the strong coupling regime, the contribution of higher powers of λ cannot be neglected and the sum in (2) must be computed numerically. We find that convergence is achieved by truncating the first sum after 20 terms when λ 2 ≤ 5 and n ≤ 5. In the SM, we show the evolution of the 0 → 1 frequency shift as a function of λ and voltage for each type of junction. The shift can be as large as a few γ 0 for the three types of junction. More importantly, the dependence of δω n with n becomes highly nonlinear and we will use this feature to induce Zeno dynamics.
NIN JUNCTION : SINGLE PHOTON SOURCE
In the case of a NIN junction (n R (ω) = n L (ω) = 1), γ(ω) is proportional to the Bose-Einstein distribution γ(ω) = π(γ 0 /Ω) ω/(1 − exp(−βω)) with β the inverse temperature. The integral defining (ω) diverges but can be regularized with a high-energy cutoff. As shown in the SM, the diverging term corresponds to a global energy shift of the resonator spectrum and can therefore be removed. The final expression of (ω) is independent of the cutoff and we obtain (ω) = γ 0 (ω/Ω) log |ω/Ω| at zero temperature (see figure 2) . In the absence of external coherent drive, the energy shifts l play no role and can be eliminated from the master equation, which simplifies to a rate equation between the diagonal terms of the density matrix. By choosing a bias voltage such that 2 Ω > |eV | > Ω, only jumps where the cavity gains at most one photon are allowed. If the coupling is set to λ 2 = 2, the jump from the Fock state n = 1 to n = 2 is forbidden and the resonator is populated with at most 2) (0) increases.
one photon. Figure 3 shows the evolution of g (2) (0) = a † a † aa / a † a 2 as a function of λ and V . As expected, we obtain g (2) (0) ≈ 0 when λ 2 = 2 and 2 Ω > |eV | > Ω. The residual value of g (2) (0) is given by the residual two photon pumping rate, which is on the order of πγ 0 exp(−βΩ) and can be made very small in current experiments. The value of g (2) (0) = 0 is immune to voltage fluctuations and to extra single photon losses due to the coupling of the resonator to the outside world. The experimental difficulty relies in the design and the fabrication of a circuit where λ can be tuned to √ 2 with sufficient precision. Because of the hierarchy γ l > γ l if l > l , population inversion is not possible. The population of the n = 1 Fock state tends towards 1/4 when V approaches 2 Ω from below at zero temperature. The Wigner function of the resonator mode thus remains positive at all V .
The effect of the Lamb shift can be probed by adding a coherent drive and looking, for example, at the resonator spectrum. As already mentioned, the first nonzero contribution to δω in the weak coupling limit is of order λ 4 and we find δω = λ 4 γ 0 (−4 log 2 + 3(eV / Ω) 2 /2) at small bias and zero temperature. The prefactor can be rewritten λ 4 γ 0 = (π/2)Z 2 c /(R K R T )Ω, which is proportional to the fine structure constant α = Z 0 /(2R K ), where Z 0 is the impedance of free space, showing that this is a QED effect. The shift is small compared to the single photon loss rate 2πγ 0 λ 2 and thus difficult to measure at small λ. But in the strong coupling regime, the shift of the 0 → 1 transition can become on the order of γ 0 and comparable to the single photon loss. At a given λ, we observe that the shift increases from a negative value to a positive value as a function of bias and that it passes by an extremum in the region where it is negative (see SM).
SIN AND SIS JUNCTION
We consider that the density of states of a superconducting contact is given by the BCS formula 2 ω 2 /( 2 ω 2 − ∆ 2 ), where ∆ is the superconducting gap. In the case of the SIN junction, the two functions γ(ω) and (ω) can be calculated analytically at zero temperature and their expressions are given in the SM. In the case of the SIS junction, we compute them numerically. As can be seen in figure 2 , because of the superconducting gap, γ(ω) is zero for ω <∆, where∆ = ∆ (∆ = 2∆) for the SIN (SIS) junction. It rapidly increases when ω increases above∆ because of the singularity in the BCS density of states. The effect is more pronounced in the SIS junction, where both contacts are superconducting. As a consequence, the jump rate γ l is zero as long as |eV | ≤∆ − l Ω. The single photon source described above for the NIN junction is easily adapted to the case of the SIS or SIN junction by choosing a bias voltagẽ ∆ + Ω < |eV | <∆ + 2 Ω such that γ −1 is non zero while γ −2 = 0.
In relation to the abrupt change of the real part of the bath memory function, the imaginary part (ω) has a dip at ω =∆/ , which again is more marked in the SIS junction. The same dip appears in l when |eV | =∆ − l Ω. As a consequence, the n − 1 → n transition is most shifted when |eV | =∆ − l Ω with l ≤ n (see figure 4) . In the case where |eV | =∆ − n Ω, the transition n − 1 → n is shifted, whereas γ l≤n = 0, meaning that the junction does not induce extra losses in the states |1 to |n . In the weak coupling regime, the resonance shift is proportional to γ 0 λ 2 = (Z c /R T )Ω/(4π), which can be interpreted as a classical effect due to the frequency dependence of the junction impedance. But the nonlinearity is proportional to γ 0 λ 4 and is of quantum origin, as discussed above for the frequency shift in the NIN junction case.
Quantum Zeno Dynamics: Four photon cat state
One can take advantage of the strong dependence with V of γ l and l in order to confine the dynamics of the resonator mode to the subspace spanned by the Fock states |n with n < n c in the presence of a coherent drive. Two approaches can be followed to forbid the n c − 1 → n c transition: one can introduce large losses in the |n c state, which is the original idea of the quantum Zeno dynamics (QZD) [12] , or equivalently one can apply a large energy shift to the |n c state, as realized for example in [29] . The combination of both effects can also be used. The confinement is efficient if the loss rate or the energy shift is large compared to the driving η, which itself must be large compared to the residual nonlinearity and loss rate inside the confined subspace. Naively, one expects that the effect of losses is optimized for a voltage close to |eV | =∆ − (n c − 1) Ω and for a coupling λ 2 = n c which maximizes |w 0,nc | 2 . This bias voltage also leads to a strong shift of the n c −1 → n c transition. Alternatively, |eV | =∆ − n c Ω is also a good candidate in order to take advantage of the strong shift of n c − 1 → n c without adding loss to |n c . As shown below, this second option gives best results.
In order to confirm that QZD can be obtained, we consider the restriction of the dynamics to the lowest n c = 5 Fock states, which contain at most 4 photons. We first simulate ideal QZD in a resonator and stop the evolution at the time where the population in |4 is maximal. The resulting state is a cat-like state, which we set as our target state. The Wigner distribution of the state is shown in figure 5 . The goal is now to find the optimum V , λ, drive strength and detuning that maximizes the fidelity to the target state for the SIS and the SIN junction. For both junctions, the gap is chosen such that∆ = 10 Ω. The exact value of the gap has little influence on the final result but it should be large enough so that the optimal bias values mentioned above exist.
We use the following procedure to optimize the parameters. We first look for the values of V and λ that maximize the ratio of the loss in |5 or the shift of 4 → 5 to the standard deviation of the transition frequencies 0 → 1, ..., 3 → 4. We simulate for these values the time evolution of ρ starting from ρ = |0 0|. The quantum master equation used in the simulation corresponds to (1) with an extra term −i[H D , ρ] to account for the presence of the drive, where
As a function of time, the fidelity passes through a maximum that we optimize by varying the detuning δ and amplitude η. We obtain a maximum fidelity of 0.92 (0.96) for the SIN (SIS) junction at an optimal point |eV | = 5 Ω and λ 2 = 4.8, which is the same for both junction. These high fidelities show that the dynamics is indeed very close to an ideal quantum Zeno dynamics. Figure 5 shows the time evolution of the fidelity in the case of the SIS junction with optimal parameters. For both junctions, the dependence of the fidelity with λ is slow and lower coupling values can be used. For example, we obtain a fidelity of 0.95 for the SIS junction with λ 2 = 2. We also note that the optimal voltage bias is well below the gap, thus limiting the dc current to almost zero and avoiding any heating problem. The current through the junction is only due to rare quantum jumps, when the resonator leaves the confined subspace and n c (or more) photons are absorbed from the resonator allowing an electron to tunnel.
Qubit without Josephson Effect
Finally, we consider the realization of a qubit (n c = 2) using the Lamb shift induced nonlinearity. Figure 6 shows the evolution of the qubit nonlinearity U and single photon loss as a function of the dc bias for different coupling parameters λ. The gap is chosen to be ∆ = 4.4 Ω, which corresponds to Aluminum and Ω = 2π × 10 GHz. For biases |eV | <∆ − Ω, losses are negligible and the nonlinearity increases with |V | reaching a maximum when |eV | =∆ − 2 Ω. But increasing the bias voltage also increases the dependence of the qubit transition frequency on V , which is detrimental because it increases the phase noise induced by unavoidable bias fluctuations. Numerical simulations show that zero bias voltage maximizes the product of the qubit coherence time multiplied by the nonlinearity.
We now suppose V = 0 and consider the case of the SIN junction. We redefine the nonlinearity U as U = δω 2 − 2δω 1 + δω 0 . In order to obtain U = Ω/20, which is typical for a transmon qubit, we choose λ 2 = 2 and γ 0 = Ω/2. Losses introduced by the junction are completely negligible even at finite temperature and do not limit the qubit lifetime. We now estimate the qubit dephasing rate due to the bias voltage noise δV for these parameters. The dependence of the qubit frequency is quadratic in δV and we numerically find δω 01 /γ 0 ≈ 5 × 10 −2 (eδV / Ω) 2 . Because the junction is shunted by the inductance of the resonator, we expect that the low frequency voltage noise, which is responsible for the phase noise, will be dominated by flux noise and that charge noise should be negligible. Intrinsic flux noise with 1/f power spectral density leads to a rms voltage noise δV ≈ δΦf c where δΦ ≈ 1 µΦ 0 and f c = 1 GHz is a cutoff frequency [30] . Using this value, we obtain a negligible dephasing rate on the order of 10 −4 s −1 . We foresee that the finite sub-gap conductance due to Andreev processes [31] or out-of-equilibrium processes [32] will thus limit both the lifetime and the phase coherence time of the qubit, but possibly to high values.
In conclusion, we have shown that a resonator strongly coupled to a tunnel junction experiences both a state dependent Lamb shift and quantum jumps. This dependence can be used to realize a single photon source or to induce nonlinear coherent dynamics. Even though the apparition of a Lamb shift is a well known consequence of bath coupling, its engineering has not been given much consideration so far. Here, we clearly establish that this new facet of quantum bath engineering can be turned into an interesting resource.
Expressions of γ l and l
Using the identity
where n 0 is the electron density of states at the Fermi energy. Assuming that n L and n R are even functions of ω and introducing the tunnel conductance 1/R T = (2π) 2t2 n 2 0 /R K , we arrive at the expressions given in the main text.
LAMB SHIFT AT ZERO TEMPERATURE
We consider n L and n R to be even functions of ω. At zero temperature, the expression of (ω) is
which diverges. We introduce a cutoff A and limit the integration domain to ω + ω < A. Integrating over the sum and the difference of ω and ω , the integral can be rewritten
NIN Junction
In the case of the NIN junction, n L = n R = 1 and we obtain Ω γ 0 (ω) = P 
where the second line comes from the fact that the cut-off is large. Inserting this expression in the Lamb shift operator l l A l A † l , the two diverging terms that explicitly depend on the cutoff give two terms: a first one proportional to A l A l A † l and a second one proportional to log A l lA l A † l . Because l A l A † l = I and l lA l A † l = −λ 2 I, these two terms correspond to a global energy shift that can be discarded. We finally obtain
SIN and SIS Junction
For the SIN junction, the integration over v leads to
To regularize the integral, we subtract the integral corresponding to the NIN junction and compute
Resonance shift as a function of bias and coupling
At large couplings, the energy shift of a given Fock state must be evaluated by computing numerically the sum in equation (2) 
